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1 Introduction 


Symmetry is a fundamental concept of science deeply rooted in human culture, as can be verified 
by contemplating, e.g., the monumental collection of papers assembled in mm, testifying the 
innumerous ways in which it permeates all areas of knowledge. In mathematics, it has been 
the driving force for the development of group theory, which began in the 19 th century with 
the work of E. Galois and S. Lie, formalizing the idea that symmetry transformations can be 
assembled into groups. And in physics, it has in the course of the 20 th century become one of the 
most influential guiding principles for the development of new theories, used in a wide variety 
of contexts, and now plays an important role in practically all areas, including mechanics and 
field theory, both classical and quantum. 

Correspondingly, and not surprisingly, symmetries in physics appear in different variants. 
For example, they may act through transformations in 3-dimensional physical space such 
as translations, rotations and reflections (spatial symmetries), or in the case of relativistic 
physics where space and time merge into a single space-time continuum, transformations in 
4-dimensional space-time such as Lorentz transformations (space-time symmetries), or else they 
may act only through transformations in an abstract internal space that has nothing to do with 
physical space or space-time, being instead related to the dynamical variables of the theory 
under consideration (internal symmetries). Similarly, they can be distinguished according to 
whether the corresponding group of transformations is continuous, such as the group of spatial 
translations or rotations (parametrized by vectors or by the Euler angles, say), or is discrete, 
such as the group of spatial translations or rotations in a crystal lattice or a reflection group. 
And finally, a very important extension of the usual symmetry concept arises from the idea 
that the parameters characterizing a specific element within the pertinent group may depend on 
the point in space or space-time where the symmetry transformation is performed. This notion 
of “gauging a symmetry”, thus extending it from a global symmetry to a local symmetry by 
allowing different transformations to be performed at different points, is at the heart of gauge 
theories, which occupy a central position in modern field theory, classical as well as quantum. 
(We think of this as an extension of the symmetry concept because gauge transformations do 
not really represent symmetry transformations in the strict sense of the word, since they do not 
relate observable quantities. Instead, their presence reflects the fact that the system under con¬ 
sideration is being described in terms of redundant variables which are not observable, such as 
the potentials in electrodynamics, and the amount of redundancy in the choice of these variables 
is controlled by the principle of gauge invariance: the observable, physical content of the theory 
is encoded in its gauge invariant part.) 

The mathematical implementation of different types of symmetries requires different types 
of groups. In particular, continuous symmetries are described in terms of Lie groups and, 
infinitesimally, of Lie algebras, and local symmetries involve infinite-dimensional Lie groups 
and Lie algebras. But more exotic mathematical entities have also begun to appear on the 
scene, essentially since the 1970’s, and have come to be associated with generalized notions of 
symmetry, such as Lie superalgebras and quantum groups. 

In this paper, we propose to employ yet another mathematical tool that is particularly well 
adapted to the concept of a local symmetry, namely that of Lie groupoids and, infinitesimally, 
of Lie algebroids. The main advantage of such an approach is that it eliminates the need 
for working from the very beginning with infinite-dimensional objects such as diffeomorphism 


1 


groups of manifolds and automorphism groups of bundles, whose mathematical structure is 
notoriously difficult to handle: such groups do arise along the way but are now derived from a 
more fundamental underlying entity, which is purely finite-dimensional. 

This procedure of “reduction to finite dimensions” is by no means new and has in fact been 
used in differential geometry for a long time, namely when one considers a representation of a Lie 
group G by diffeomorphisms of a manifold M not as a group homomorphism G —> Diff(M), 
whose continuity (let alone smoothness) is hard to define and even harder to control, but rather 
as a group action G x M — > M, for which the definition of continuity (and smoothness) 
is the obvious one. A similar procedure can be applied when G is replaced by one of the 
aforementioned infinite-dimensional groups which appear naturally in differential geometry and 
in gauge theories, the main difference being that in this case the corresponding action is no 
longer that of a Lie group on a manifold but rather that of a Lie groupoid on a fiber bundle. 

The history of the theory of groupoids is to a certain extent parallel to that of group theory 
itself. The notion of an abstract groupoid goes back to a paper by H. Brandt in 1927 [3]; it applies 
to discrete as well as to continuous symmetries. Lie groupoids seem to have been introduced 
by C. Ehresmann in the 1950’s, in conjunction with principal bundles and connections, but 
in contrast to these did not find their way into mainstream differential geometry for several 
decades. Lie algebroids and their relation to Lie groupoids were apparently first discussed by 
J. Pradines in 1968 m, but the main result (Lie’s third theorem) as stated there is incorrect 
and was only rectified much later [jfjj. At the time of this writing, the standard textbook in the 
area is Ref. El. whose results we shall use freely in this paper. 

We conclude this introduction with an outline of the contents. In Section 2, we briefly 
review the modern formulation of classical field theory in a geometric framework, where fields are 
sections of fiber bundles over space-time and hence coordinate invariance and gauge invariance 
(in the sense of invariance under changes of local trivializations of these fiber bundles) are built in 
from the very beginning. As in the standard geometric formulation of classical mechanics w, 
we shall for the sake of simplicity restrict ourselves to a first order formalism - lagrangian 
as well as hamiltonian. In Section 3, we discuss a few basic topics from the theory of Lie 
groupoids and Lie algebroids. In particular, we present the construction of the jet groupoid of 
a Lie groupoid, which is badly neglected in the mathematical literature (for instance, it does 
not appear at all in Ref. El) but which turns out to be of crucial importance for the entire 
theory; it can be iterated to produce a construction of the second order jet groupoid of a Lie 
groupoid and of a non-holonomous extension thereof which is needed in the sequel. Apart from 
that, our goal in these two introductory sections is essentially just to delineate the concepts 
we shall be using and to fix the notation. In Section 4, we discuss how an action of a Lie 
groupoid on a fiber bundle induces actions of certain Lie groupoids derived from the original 
one on certain fiber bundles derived from the original one. Here, the central point is that apart 
from obvious functorial procedures such as defining the action of the jet groupoid on the jet 
bundle or the tangent groupoid on the tangent bundle (of the total space), we are also able to 
construct a new - and much less obvious - induced action of the jet groupoid on the tangent 
bundle (of the total space). This construction is perhaps the most important result of the 
paper because it allows us to give a precise mathematical definition of invariance, under the 
action of a Lie groupoid on some fiber bundle, of geometric structures on its total space, at 
least when these are defined by some kind of tensor field, thus finally overcoming one of the 
major obstacles in the theory that has for a long time jeopardized its relevance for applications. 
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The new feature as compared to group actions is that such an invariance refers not to the original 
Lie groupoid itself but rather to its jet groupoid, or some subgrupoid thereof. We also exhibit 
the relation with the corresponding representations of the appropriate groups of bisections and, 
as an application, show in which sense the multicanonical form 8 and the multisymplectic form 
uj of the covariant hamiltonian formalism, as presented in Section 2, are invariant under the 
appropriate induced actions. Finally, in Section 5, we introduce the concept of momentum map 
and prove Noether’s theorem in this setting. 

In the second paper of this series, we shall specialize the general formalism developed below 
to what may be regarded as the most important general class of geometric field theories: gauge 
theories. There, all bundles that appear are derived from a given principal bundle over space- 
time, either as an associated bundle (whose sections are matter fields) or as the corresponding 
connection bundle (whose sections are connections, or in physics language, gauge potentials), 
and the Lie groupoid acting on them is the corresponding gauge groupoid. In this context, 
we shall then be able to discuss issues such as the significance of the procedure of “gauging 
a symmetry”, already mentioned above, the prescription of minimal coupling and Utiyama’s 
theorem, generalizing the results of Ref. [6] from the context of Lie group bundles, which are 
sufficient to handle internal symmetries, to Lie groupoids, as required to deal with the general 
case of space-time symmetries mixed with internal symmetries. 


2 Geometric formulation of classical field theory 

We start out by fixing a fiber bundle E over a base manifold M, with bundle projection denoted 
by ir E : E —> M : it will be called the configuration bundle since its sections are the basic 
fields of the theory under consideration. This requires that, in physics language, M is to be 
interpreted as space-time (even though we do not assume it to carry any fixed metric, given that 
in general relativity the metric tensor is itself a dynamical variable and hence cannot be fixed 
“a priori”). 

In order to formulate the laws governing the dynamics of the fields, we need to consider 
derivatives (velocities), as well as their duals (momenta). 

In order to do so, we begin by introducing the jet bundle JE of E, together with the 
linearized jet bundle JE of E, as follows: for any point e in E with base point x = 7r B (e) in M, 
let L(T X M, T e E ) denote the space of linear maps from the tangent space T X M to the tangent 
space T e E and consider the affine subspace 



II 

u e e L(T X M, T e E) T 

x' K E oU e ~ 1 &T X M } 

(1) 

and its difference vector space 





J e E = 

{u e & L(T X M , T e E) | 

T x K E oU e = 0} 

(2) 

i.e., 






JeE 

= L(T x M,V e E) = 

T*M ® V e E 

( 3 ) 


where V e E = ker T e Tr E is the vertical space of E at e. Taking the disjoint union as e varies 
over E. this defines JE and JE as bundles in two different ways, which will collectively be 
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referred to as jet bundles: over E , JE is an affine bundle and JE is a vector bundle with respect 
to the corresponding jet target projections tt je : JE —> E and ttj e : JE —>• E, while over M , 
both of them are fiber bundles with respect to the corresponding jet source projections (obtained 
from the former by composition with the original bundle projection vr s )@ Moreover, composition 
with the appropriate tangent maps provides a canonical procedure for associating with every 
strict homomorphism / : E —> F of fiber bundles E and F over M a map Jf : JE —> JF 
(sometimes called its jet prolongation or jet extension), which is a homomorphism of affine 
bundles (i.e., a fiberwise affine smooth map) covering /, together with a map Jf : JE —> JF, 
which is a homomorphism of vector bundles (i.e., a fiberwise linear smooth map) covering /; 
in particular, both are again strict homomorphisms of fiber bundles over M, so in fact J and J 
are functors in the category of fiber bundles over a fixed base manifold. This is summarized in 
the following commuting diagrams: 



Explicitly, given e € E with n E (e) = x, u e G J e E C L(T x M,T e E), u e £ J e E = L(T x M,V e E ), 
we have 


J e f( u e ) = T ef°U e , 

In particular, for any section p of E, we have 

J e f(u e ) = T e fou e . 

( 5 ) 

j{f°v) = 

Jfojip . 

(6) 


The important role jet bundles play in differential geometry is largely due to the fact that they 
provide the adequate geometric setting for taking derivatives of sections. More precisely, any 
section of E, say ip, induces canonically a section of JE which is often called its jet prolongation 
or jet extension and which we may denote by j<p, as in much of the mathematical literature, 
or by (tp, dtp), to indicate that it contains all the information about the values of (p and of its 
first order derivatives at each point of M. But this prolongation is really just a reinterpretation 
of the tangent map Tip to ip, since ip being a section of E implies that, for any x £ M , 
T x ip £ Jy(x)E L(T x M, V^^E). Obviously, given e £ E with n E (e) = x, every jet u e £ J e E 
can be represented as the derivative at x of some section ip of E satisfying <p(x) = e, i.e., we can 
always find ip such that u e = T x tp, but this does of course not mean that every section of JE, 
as a fiber bundle over M, can be written as the jet prolongation of some section of E: those 
that can be so written are called holonomous, and it is then easy to see that a section <p of JE 
will be holonomous if and only if ip = j ip where p = it j E °p>- 

In passing, we note that sections of JE not as a fiber bundle over M but as an affine bundle 
over E also have an important role to play: they correspond to connections in E, realized through 

1 Here and throughout this paper, we face the problem that the same expressions “source” and “target” are 
used in the theory of jets and in the theory of groupoids with different meanings. We shall avoid confusion by 
adhering to the convention to use the prefix “jet” in the first case. 
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their horizontal lifting map (of tangent vectors). And if we fix a connection F : E — > JE , we 
can introduce the notion of covariant derivative of a section p: this is then a section of JE which 
we may denote by (< p,Dp) and which is defined as the difference Tp — F op. Summarizing, we 
may specify the statement at the beginning of the previous paragraph by saying that the jet 
bundle and the linearized jet bundle provide the adequate geometric setting for taking ordinary 
(partial) derivatives and for taking covariant derivatives of sections, respectively. 

In order to handle second order derivatives, we shall need the second order jet bundle J 2 E: 
this can be constructed either directly or else by iteration of the previous construction and 
subsequent reduction, which occurs in two steps. First, observe that the iterated first order jet 
bundle J(JE) admits two natural projections to JE, namely, the standard projection tTj/j E \ : 
J(JE) —> JE and the jet prolongation Jn JE : J(JE) —> JE of the standard projection 
tt je : JE — > E, explicitly defined as follows: for e £ E, u e £ J e E and u' Ue £ J Ue (JE), 

{^J{JE))uS U 'u e ) = U e, ( 7 ) 

whereas 

(JnjE) Ue {u'u e ) = T Ue ir JE O u' Ue . ( 8 ) 

They fit into the following commutative diagram: 


J(JE) 



The first step of the reduction mentioned above is then to restrict to the subset of J(JE) where 
the two projections coincide: for e € E and u e £ J e E , define 

Ju e E = { u' Ue G J Ue (JE) | Kj(j E ){u' Ue ) = J^j E {u'u e ) } • (10) 

Taking the disjoint union as u e varies over JE, this defines what we shall call the semiholonomic 
second order jet bundle of E, denoted by J 2 E: it is naturally a fiber bundle over M and, since 
and Jttj E are both homomorphisms of affine bundles, it is also an affine bundle over JE. 
The second step consists in decomposing this, as a fiber product of affine bundles over JE, 
into a symmetric part and an antisymmetric part: the former is precisely J 2 E and is an affine 
bundle over JE, with difference vector bundle equal to the pull-back to JE 1 of the vector bundle 
tt* e (V" T*M^®VE over E by the jet target projection tt je , whereas the latter is a vector bundle 
over JE, namely the pull-back to JE of the vector bundle ir E (/\~ T*M) ®VE over E by the 
jet target projection tt je . 

J 2 E 9* J 2 E x JE it* JE U* E (tfT*M)®VE) 

( A x \ ( n ) 

J 2 E ^ tt* je U* e (\/-T*M) <g> VEj 

But what is perhaps even more important is the following observation: given any section <p of 
JE, its jet prolongation j<p will be a section of J(JE) which will take values in J 2 E if and only 
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if p is holonomous. (Indeed, let us set p = e JE op. If p is holonomous, then as already observed 
above, we must have p = jp and hence Jn JE ojp = j(-jTj E oip) = jp = p = ^j^j E \°jp, he., 
jp = j 2 p takes values in J 2 E. Conversely, if j(p takes values in J 2 E , then jip = j(irj E op) = 
Jn JE °jp = tt jn E \°j(p = &■) Of course, this means exactly that jip = j 2 p is a section of J 2 E , 
so we may characterize J 2 E as the unique “maximal holonomous subbundle” of J 2 E, i.e., that 
subbundle of J 2 E whose sections are precisely the holonomous sections of J 2 E. For more 
details, see m Chapter 5]. 

Returning to the first order formalism, the next step consists in taking duals. Briefly, the 
affine dual J*E of JE and the linear dual J*E of JE are defined as follows: for any point e 


in E with base point x = n E (e) 

in M, put 



JfE 

= {z e : J e E - 

->• R | z e is affine } 

(12) 

and 

J e *E 

{ 

->• R | z e is linear } 

(13) 


However, the multiphase spaces of field theory are defined with an additional twist, which 
consists in replacing the real line by the one-dimensional space of volume forms on the base 
manifold M at the appropriate point. In other words, the twisted affine dual J®E of JE and 
the twisted linear dual J®E of JE are defined as follows: for any point e in E with base point 
x = n E ( e ) ' n put 


jfE = {z e 

: J e E - 

-> K 1 t;m\ 

z e is affine} 

(14) 

II 

® 

: J e E - 

A n T*M| 

z e is linear } 

(15) 


Taking the disjoint union as e varies over E, this defines J*E, J*E, J®E and J'^'E as bundles in 
two different ways, which will collectively be referred to as cojet bundles: all of them are vector 
bundles over E with respect to the corresponding cojet target projections and fiber bundles 
over M with respect to the corresponding cojet source projections (obtained from the former by 
composition with the original bundle projection tt e ). Considered as vector bundles over E, we 
have 



J®E = J*E (g) n* E (/\ n T*M) 

(16) 

and 

J®E = J*E ®n* E (/\ n T*M) 

(17) 

Moreover, J*E is also an affine line bundle over J*E and, similarly, J®E 
bundle over J®E, whose projections are defined, over each point e of E. 
part of an affine map. In the twisted case, this bundle projection 

is also an affine line 
by taking the linear 


T) : J®E —> J®E 

(18) 

plays an important role because the Hamiltonian of any classical field theory whose field content 
is captured by the configuration bundle E is a section 


H : J®E —> J®E 

(19) 
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of this projection [3]. In a more physics oriented language, we call J®E the extended multiphase 
space and J®E the ordinary multiphase space associated with the given configuration bundle E. 

Here, the term “multiphase space” is supposed to indicate that the (twisted) cojet bundles 
J®E and J®E carry a multisymplectic structure which is analogous to the symplectic structure 
on cotangent bundles that qualifies these as candidates for a “phase space” in classical mechanics. 
Its definition relies on an immediate generalization of the construction of the canonical 1-form on 
a cotangent bundle known from classical mechanics, namely, the fact that the bundle A ? T*E of 
r-forms on any manifold E carries a naturally defined “tautological” r-forrn 6 , explicitly given by 

e a (w 1 ,...w n ) = a(T a ir(w 1 ),...,T a ir(w r )) 

for a € KT*E, w u ... ,w r € T a (t\T*E) , 1 ’ 

where it denotes the bundle projection from A* T*E to E, and that when E is the total space 
of a fiber bundle, then for 0 ^ s ^ r, this form restricts to a “tautological” (r — s)-horizontal 
r-form 6 on the bundle /\' s T*E of (r — s)-horizontal r-forms on E^ which we shall continue to 
denote by 9, combined with the following canonical isomorphism of vector bundles over E: 

J®E = Ai T*E (21) 

This isomorphism allows us to transfer the form 8, as well as its exterior derivative (up to sign), 
uj = —d6, to forms on J®E which, for the sake of simplicity of notation, we shall continue to 
denote by 6 and by uj, respectively: then 9 is called the multicanonical form and uj is called 
the multisymplectic form on the extended multiphase space J®E. Finally, we introduce the 
multicanonical form and the multisymplectic form u on the ordinary multiphase space 
J®E by pulling them back with the hamiltonian (see equation (1191) above): 

9 n = H*9 , uj h = H*uj (22) 

noting that we still have uj = —d9 and = —d9y_. 

Within the context outlined above, the traditional method for fixing the dynamics of a 
specific field theoretical model is by exhibiting its lagrangian , which is a homomorphism 

C:JE —> A n T*M (23) 

of fiber bundles over M. The hypothesis that C, when composed with the jet prolongation of a 
section g> of E, provides an re-form on M, rather than a function, allows us to define the action 
functional S directly by setting, for any compact subset K of M, 

Sk[<p] = [ C[ip,dip) (24) 

Jk 

without the need of choosing a volume form on space-time: this is supposed to be absorbed in the 
definition of the lagrangian. Taking its fiber derivative gives rise to the Legendre transformation, 
which comes in two variants: as a homomorphism 

F C: JE — J®E (25) 

2 An r-form on the total space of a fiber bundle is said to be (r — s)-horizontal if it vanishes whenever one 
inserts at least s + 1 vertical vectors. 
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or as a homomorphism 


F £ : JE 


J®E 


of fiber bundles over E. Explicitly, given e € E with vr s (e) : 
the latter is defined as the usual fiber derivative of £ at u e , 
to A" T* M given by 


(26) 

= x and u e € J e E C L(T x M,T e E), 
which is the linear map from J e E 


¥C(u e )-u e = — C(u e + tu e ) 


t =o 


for u e g J e E = L(T X M , V e E) , 


(27) 


whereas the former encodes the entire Taylor expansion, up to first order, of £ around u e along 
the fibers, which is the affine map from J e E to A" T*M given by 


F£(« e ) • u' e = C{u e ) + C[u e + t(u' e - u e )) 


t =0 


for u' e £ J e E C L(T x M,T e E) . (28) 


Of course, F£ is just the linear part of F£, so that it is simply its composition with the bundle 
projection r/ from extended to ordinary multiphase space: F£ = r/ oF£. Conversely, we require 
the hamiltonian H (see equation lfT9l) above) to satisfy the same sort of composition rule, but 
in the opposite direction: F£ = H o F£. In particular, if the lagrangian £ is supposed to 
be hyperregular , which by definition means that F£ should be a global diffeomorphism, then 
this condition can be used to define the corresponding De Donder-Weyl hamiltonian ~H as 
U = F£o(F£)- 1 . 

To conclude this discussion, we mention that fixing the configuration bundle E which has 
been our starting point here, the basic fields of the theory will be sections of E: by jet 
prolongation, they give rise to sections jip = (< p,dip ) of JE and then, by composition with the 
Legendre transformation F£, to sections 4> = (£; 7r ) of J®E. Moreover, the equations of motion 
that result from the principle of stationary action, applied to the action functional as defined by 
equation (1M1) . can be formulated globally (i.e., without resorting to local coordinate expressions) 
as follows: in the lagrangian framework, the section ip should satisfy the condition 


(ip,dcp)*(i x uj c ) = 0 (29) 

for any vector field X on JE which is vertical under the projection to M, or even for any vector 
field X on JE which is projectable to M, where 

u c = (F C)*uj n = (F£)*w (30) 

is the Poincare - Cartan form (Euler - Lagrange equations), whereas in the hamiltonian frame¬ 
work, the section 0 should satisfy the condition 


AAlv^-h) — 0 (31) 

for any vector field X on J®E which is vertical under the projection to M, or even for any 
vector field X on J®E which is projectable to M (De Donder-Weyl equations). 




Graphically, we can visualize the situation in terms of the following commutative diagram: 


J®E 



( 32 ) 


A more detailed treatment of some aspects that, for the sake of brevity, have been omitted here, 
including explicit expressions in terms of local coordinates, can be found in Ref. [7]. 


3 Lie groupoids and Lie algebroids 

In this section, we shall briefly review the concept of a Lie groupoid, as well as that of an action 
of a Lie groupoid on a fiber bundle, and then present the construction of the jet groupoid of 
a Lie groupoid, which is of central importance for applications to field theory. We also discuss 
the infinitesimal version of these concepts, that is, Lie algebroids, infinitesimal actions and the 
construction of the jet algebroid of a Lie algebroid. For details and proofs of many of these 
results, the reader is referred to Ref. m : our main goal here is to simplify the notation. 

3.1 Lie groupoids 

The main feature distinguishing a (Lie) groupoid from a (Lie) group is that, similar to a fiber 
bundle, it comes with a built-in base space, but it carries two projections to that base space and 
not just one, called the source projection and the target projection , so that we can think of the 
elements of the groupoid as transformations from one given point of the base space to another, 
and composition of such transformations is allowed only when the target of the first coincides 
with the source of the second. Formally, a Lie groupoid over a manifold M is a manifold^ G 
equipped with various structure maps which, when dealing with various Lie groupoids at the 
same time, we shall decorate with an index G , namely, the source projection a G : G — > M 
and target projection t g : G — > M, which are assumed to be surjective submersions and 
are sometimes combined into a single map (r G ,a G ) : G —> M x M called the anchor , the 
multiplication map 

fa G : G Xm G —> G /on', 

(h,g) hg 

defined on the submanifold 

G xm G = {(h,g)eGxG\a G (h) = r G (g)} (34) 

3 For some applications, it is necessary to allow the topology of the total space G not to be Hausdorff, but we 
shall not encounter such types of Lie groupoids here. 


9 








of G x G, the unit map 


1 g= M 


and the inversion 


G 

(Ma 


*g = G 


G 


(35) 


(36) 


satisfying the usual axioms of group theory, whenever the expressions involved are well-defined, 
such as the condition of associativity k(hg ) = ( kh)g for k,h,g G G such that cr G {k) = r G (h) 
and o~ G (h) = r G {g). For the convenience of the reader, we quickly collect some of the standard 
terminology in this area: 


• given x G M, G x = a~ 1 {x) is called the source fiber over x; 

• given y G M, y G = r~ 1 (y) is called the target fiber over y; 

• given x,y G M, y G x = G x f] y G is called the joint fiber over (y,x); 

• given x G M, X G X = G x fj X G is a group, called the isotropy group or stability group or 
vertex group at x; 

• given x G M, G ■ x = {y G M \ y G x 0} is the orbit of x; 

• G is said to be transitive if there is a unique orbit, namely, all of M, that is, if for any 
x G M, G ■ x = M; 

• G is said to be totally intransitive if the orbits are reduced to points, that is if for any 
x G M, G ■ x = {x}, or equivalently, if the source and target projection coincide. 

More generally, G is said to be regular if the anchor has constant rank. In this case, the subset 
of G where a G and r G coincide, 


Cuso — {g £ G | a G (g) — T G (g)} (37) 

is a totally intransitive Lie subgroupoid of G, called its isotropy subgroupoid, and when it is 
locally trivial (which may not always be the case), it will in fact be a Lie group bundle over M. 
Similarly, in this case, the orbits under the action of G provide a foliation of M called its 
characteristic foliation. 

We shall also need the notion of morphism between Lie groupoids: given two Lie groupoids 
G and G' over the same manifold M @ a smooth map / : G —» G' is said to be a morphism , or 
homomorphism , of Lie groupoids if (J G ,of = a G , r G ,of = t g and 

f(hg) = f(h)f(g) for (h,g) G G x M G . (38) 


4 For the sake of simplicity, we consider here only strict morphisms, that is, morphisms between Lie groupoids 
over a fixed base manifold M that induce the identity on M. The general case can be reduced to this one by 
employing the construction of pull-back of Lie groupoids. 
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Of course, when M reduces to a point, we recover the definition of a Lie group. At the other 
extreme, we have the following example: 

Example 1 Given a manifold M, consider the cartesian product M x M of two copies of M 
and define the projection onto the second/first factor as source/target projection ( cr(y,x ) = x , 
t(u,x ) = y), juxtaposition with omission as multiplication ((z,y)(y,x) = ( z,x )), the diagonal 
as unit ( l x = (x,x)) and switch as inversion (y,x) _1 = (x,y). Then M x M is a Lie groupoid 
over M, called the pair groupoid of M. 

Here is another example that will be important in the sequel: 

Example 2 Given a manifold M, consider its tangent bundle TM and set 

GL(TM ) = |J y GL(TM) x where y GL(TM) x = GL(T X M , T y M) 

x,y£M 

is the set of invertible linear transformations from T X M to T y M. Then GL(TM), equipped 
with the obvious operations, is a Lie groupoid over M, called the linear frame groupoid of M. 
Similarly, if in addition we fix a pseudo-riemannian metric g on M and set 

0(TM,g) = U y O(TM,g) x where y O(TM, g) x = 0((T x M.g x ), (T y M, g y )) 

x,y£M 

is the set of orthogonal linear transformations from ( T x M,g x ) to (T y M, g y ), we arrive at what 
is called the orthonormal frame groupoid of M (with respect to g). 

In fact, there is a wealth of examples of Lie groupoids, some of which are direct generalizations 
of Lie groups (such as the frame groupoids of Example 2) and some of which are not (such as 
the pair groupoid of Example 1). In particular, Example 2 is a special case of a more general 
construction which associates to each principal bundle over M a transitive Lie groupoid over M 
called its gauge groupoid , here applied to the linear frame bundle of M, as a principal GL(n, M)- 
bundle, where n = dim M. 

The insertion of the groupoid concept into group theory becomes apparent when we introduce 
the notion of bisection of a groupoid, which is the precise analogue of the notion of section 
of a bundle, the only modification coming from the fact that we now have to deal with two 
projections rather than one. Namely, just as a (smooth) section of a fiber bundle E over a 
manifold M is a (smooth) map ip : M —> E such that a (smooth) bisection of 

a Lie groupoid G over a manifold M is a (smooth) map (3 : M —> G such that a (; o [3 = id M 
and t g o/3 £ Diff(M). The point here that the set Bis(G) of all bisections of a Lie groupoid G 
is a group, with product defined by 

(P 2 Pi)(x) = P 2 (t(Pi(x))) fii(x) for x £ M, (39) 

so that 

r G o{f3 2 h) = (r G o^ 2 )°(r G o/3i), (40) 

with unit given by the unit map of equation (13511 , which clearly is a bisection, and with inversion 
defined by 

P~ l (x) = {j3{(T G o^)- l (x))y 1 for x £ M. (41) 
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Moreover, at least in the regular case (which is the only one of interest here), Bis(G') has a natural 
subgroup, namely the group Bis(G iso ) of bisections (= sections) of the isotropy groupoid of G , 
and a natural quotient group, namely the group Diff G (M) of diffeomorphisms of M obtained 
by composition of bisections of G with the target projection of G , that is, the image of Bis(G') 
under the homomorphism 


Bis(G) —> Diff(M) 
P '—> t g o/3 


(42) 


which fit together into the following exact sequence of groups: 


{ 1 } 


Bis(G is 


Bis(G) 


Diff G (M) 


{!}■ 


(43) 


One more concept of central importance that we shall introduce is that of an action of a Lie 
groupoid G on a fiber bundle E, both over the same base manifold M: this is simply a map 


$ E ■ 


Gx m E —> E 

{g,e) i—> g ■ e 


defined on the submanifold 


Gx m E = {(g,e) € G x E\a G (g) = n E (e)} 


(44) 


(45) 


of G x E, satisfying tt e o$ e = t g opr x (so that for any g G G, left translation by g becomes a 
well-defined map from E (7gGj - ) to E Tg ^), together with the usual axioms of an action, adapted 
to the requirement that the expressions involved should be well-defined, such as the composition 
rule h ■ (g ■ e) = ( hg ) • e for h,g G G and e € E such that cr G (h) = r G (g) and a G (g) = n E (e). 
It is then easy to check that any such action induces a representation of the group Bis(G) of 
bisections of G by automorphisms of E , that is, a homomorphism 


defined by 


U E : Bis(G) 

P 

n E (P) = $e 


—* Aut(.E) 

(46) 

1 * n e (/3) 

o(Pott e Me) 

(47) 


Note that the automorphism II E (/3) of E covers the diffeomorphism t g o/3 of AI, so in particular 
Ii E {P) will be a strict automorphism when f5 is a bisection (= section) of the isotropy groupoid 
of G and hence we get the following commutative diagram, 


{1}-- Aut S (E) -*- Aut (E) -- Diff e (M) -^ {1} 

| (48) 

{1}-- Bis(G iso )-- Bis(G)-- Diff G (M)-- {1} 


where Aut S (E) denotes the group of strict automorphisms of E and Diff G (M) denotes the group 
of diffeomorphisms of M admitting some lift to an automorphism of E. 
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3.2 The jet groupoid of a Lie groupoid 

There are various ways of constructing new Lie groupoids from a given one. As examples, we 
may mention the tangent groupoid and the action groupoid , both of which are discussed and 
widely used in the literature. However, it must be emphasized that both of these constructions 
imply a change of base manifold. Briefly, given a Lie groupoid G over M, the tangent bundle TG 
of the total space G is again a Lie groupoid, but over the tangent bundle TM of the base space M 
rather than over M itself: this is easily seen by defining all structure maps of TG by applying 
the tangent functor to the corresponding structure maps of G. Similarly, given a Lie groupoid 
G and a fiber bundle E over M, together with an action of G on E, the submanifold G Xm E of 
G x E introduced above becomes a Lie groupoid, but over the total space E of the given fiber 
bundle rather than over M (here, the source projection is just projection onto the first factor 
while the target projection is the action map <& E itself). Mathematically, such a change of base 
space does not present any serious problem, but it does jeopardize the physical interpretation 
because the whole idea of localizing symmetries that underlies the use of Lie groupoids in field 
theory refers to space-time and not to any other manifold mathematically constructed from it. 
Therefore, we should look for constructions that preserve the base space. 

This argument leads us directly to the construction of the jet groupoid of a Lie groupoid, 
which is almost entirely analogous to that of the jet bundle of a fiber bundle, involving just one 
slight modification: 

Proposition 1 Given a Lie groupoid G over a manifold M, set 

JO = U J,0 

g&G 

where, for g £ G with a G (g) = x and r G (g) = y, 

J g G = { u g € L(T x Af, TgG) \ T g cr G °u g = id TxM and T g T G o Ug £ GL(T X M , T y M )} (49) 

which is an open dense subset of the affine space as defined in equation m, with E replaced by G, 
7 t e replaced by a G and e replaced by gJl Then JG is again a Lie groupoid over M, called the 
jet groupoid of G, with source projection a JG : G —> M, target projection t jg : G —> M, 
multiplication map p JG : JG Xm JG —> JG, unit map 1 JG : M —> JG and inversion 
i JG : JG —> JG defined as follows: 

• for g £ G and u g £ J g G, 


a JG( u g) = ^cid) , T JG (u g ) = T G (g ); 

• for g,h £ G with r G (g) = a G (h), u g £ J g G and v h £ J h G, putting cr G (g) = x 
and concatenating v h o(T g r G ou g ) and u g into a single linear map ( v h o(T g T G ou g ),u g ) 

5 The fact that we have slightly modified the meaning of the symbol J when applying it to Lie groupoids, 
rather than to fiber bundles or, more generally, fibered manifolds, is unlikely to cause any confusion because we 
are dealing here with distinct categories: equation ©, with the aforementioned substitutions, would only apply if 
we were to consider G not as a Lie groupoid but just as a fibered manifold with respect to its source projection - 
which we do not. 
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from T X M into T h G 0 T g G and checking that this in fact takes values in the subspace 

W GxmG), 

*!«, = ,) = r (M)^G0l,°PV r c o “s)>“ ! >) ; 


/or x £ M, 

for g £ G and u g £ J ff G, 


(!jg)x — ; 


= Og(%) ~ Tg i G oU g°(Tg T G oU g) 


-1 


IVoie that JG is not only a Lie groupoid over M bid also a fiber bundle over the total space of 
the original Lie groupoid G. 


We would like to emphasize that JG does not contain G itself as a Lie subgrupoid; rather, G is 
a quotient of JG under the natural projection 


7T 


JG ■ 


JG 

u„ 


G 

9 


(50) 


which by construction is a morphism of Lie groupoids over M. Similarly, there is a natural 
projection 


7r 


fr 

JG 


JG 

u n 


GL(TM) 

T g T G ° U g 


(51) 


which again is a morphism of Lie groupoids over M. Taking the fibered product GL(TM) Xu G 
of GL(TM ) and G over M, which is again a Lie groupoid over M, these two combine into a 
natural projection 


(52) 


ttjg x m 7Tjg : JG —■> GL(TM) x M G 
u g i y (T g Tq o u g , g ) 

which is another morphism of Lie groupoids over M. 

One can also define the action of J on morphisms between Lie groupoids (over the same base 
manifold): given any two Lie groupoids G and G' over M and a morphism / : G — > G', one 
defines a morphism J f : JG —X JG' (sometimes called its jet prolongation or jet extension) 
by setting 

Jgfiug) = TgfoUg for g G G, u g £ J g G . (53) 

Obviously, Jf covers /, and one has the following commutative diagram: 



(54) 


In this way, J becomes a functor in the category of Lie groupoids, just as in the category of 
fiber bundles (always over a fixed base manifold). 
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Example 3 Up to a canonical isomorphism, the linear frame groupoid GL(TM ) is the jet 
groupoid of the pair groupoid M x M, 

GL(TM) = J(M x Af), 

and under this isomorphism, the projection in equation (1511) above corresponds to the jet pro¬ 
longation of the anchor map (t g , o G ) : G —> M x M. 


Just like jet bundles, jet groupoids can be expected to play an important role in differential 
geometry because they provide the adequate geometric setting for taking derivatives of bisections 
(which replace sections). Namely, any bisection of G, say (3, induces canonically a bisection of JG 
which will be called its jet prolongation or jet extension and which we may denote by j(3 or by 
(/3, d(3 ): it is again just a reinterpretation of the tangent map T(3 to (3, since (3 E Bis(G) implies 
that, for any x E M, T x j3 E J^^G. Obviously, given g E G with cr G (g) = x, every jet 
u g E J g G can be represented as the derivative at x of some bisection (3 of G satisfying (3(x) = g, 
i.e., we can always find /3 such that u g = T x /3, but this does of course not mean that every 
bisection of JG, as a Lie groupoid over M , can be written as the jet prolongation of some 
bisection of G: those that can be so written are called holonomous, and it is then easy to see 
that a bisection (3 of JG will be holonomous if and only if (3 = j/3 where f3 = tt jg o/3. This 
leads us directly to the definition of a special class of Lie subgroupoids of a jet groupoidH 


Definition 1 Let G be a Lie groupoid over a manifold M and G a Lie subgroupoid of its 

jet groupoid JG that is also a subbundle of JG as a fiber bundle over G. We say that G is 

holonomous or integrable if it is generated by holonomous bisections, i.e., if for any g E G 

with (J G {g) = x and any u g E G g , there exists a holonomous bisection (3 E Bis(G) of G such 

that f3(x) = u g . 


The restriction contained in this definition stems from the fact that the group of bisections of G 
which are also holonomous bisections of JG may be very restricted - to the point of collapsing 
to the trivial group {1}. 

Here is an important example: 


Example 4 Let M be a manifold equipped with a pseudo-riemannian metric g and consider 
its orthonormal frame groupoid 0{TM,g) as a Lie subgroupoid of the linear frame groupoid 
GL(TM) (which according to the previous example is a jet groupoid). Then the group of 
holonomous bisections of 0(TM, g) is precisely the isometry group of (M, g) and hence 0(TM, g) 
is holonomous if and only if (M, g) is strongly isotropic; in particular, it must be a space of 
constant curvature. 


In order to handle second order derivatives, we shall need the second order jet groupoid J 2 G: 
as in the case of fiber bundles, this can be constructed either directly or else by iteration of the 
previous construction and subsequent reduction, which occurs in two steps. First, observe that 
the iterated first order jet groupoid J(JG) admits two natural projections to JG, namely, the 
standard projection : J(JG) —> JG and the jet prolongation Jtt jg : J{JG) —> JG 

6 There is an analogous concept for subbundles of jet bundles which we did not spell out explicitly because we 
do not need it here. 
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of the standard projection ir JG : JG —> G, explicitly defined as follows: for g £ G, u g £ J g G 
and u' Ug € J Ug (JG), 

(nj(JG))u g ( u u g ) = u g, ( 55 ) 

whereas 

(JnjG) Ug ( u u g ) = T u g 'KjG oU 'u g - ( 56 ) 

They fit into the following commutative diagram: 

J(JG) 



G 


The first step of the reduction mentioned above is then again to restrict to the subset of J(JG ) 
where the two projections coincide: for g £ G and u g £ J g G, define 

J n g G = { U 'u g € J Ug ( JG ) I Tu^JG ° U u g = u g } ■ ( 58 ) 

Taking the disjoint union as u g varies over JG, this defines what we shall call the semiholonomic 
second order jet groupoid of G, denoted by J 2 G : since ttj(jg) and Jttjg are both morphisms 
of Lie groupoids over M, it is naturally a Lie groupoid over M and it is also a fiber bundle 
over JG. The second step consists in decomposing this, as a fiber product of fiber bundles 
over JG, into a symmetric part and an antisymmetric part: the former is precisely J 2 G whereas 
the latter does not seem to play any significant role in the theory; we shall therefore not pursue 
this decomposition any further. But what will be important in the sequel is that, once again, 
given any bisection (3 of JG, its jet prolongation j/3 will be a bisection of J(JG) which will 
take values in J 2 G if and only if /3 is holonomous, in which case j3 = j/3 and j/3 = j 2 /3 where 
/3 = ttjqo/3. Using the terminology introduced in Definition [TJ we may thus characterize J 2 G 
as the unique maximal holonomous Lie subgroupoid of J 2 G, i.e., that Lie subgroupoid of J 2 G 
whose bisections are precisely the holonomous bisections of J 2 G. 

3.3 Lie algebroids 

Just as Lie algebras are the infinitesimal version of Lie groups, Lie algebroids are the infinitesimal 
version of Lie groupoids. Formally, a Lie algebroid over a manifold M is a vector bundle g over M 
endowed with two structure maps which, when dealing with various Lie algebroids at the same 
time, we shall decorate with an index g, namely, the anchor a 0 : g —> TAJ, which is required 
to be a homomorphism of vector bundles over M and, by push-forward of sections, induces a 
homomorphism a s : T(g) —> X(M) of modules over the function ring C°°(M) (we follow the 
common abuse of notation of denoting both by the same symbol), and the bracket 

[■,■]*: r (g) x r(g) —► r(g) (59) 

satisfying the usual axioms of Lie algebra theory (bilinearity over M, antisymmetry and the 
Jacobi identity), together with the Leibniz identity 

[X, fY ] fl = f[X, Y] 0 + (. L ag(x) f ) Y for / £ X, Y £ T(g). (60) 
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Once again, we gather some standard terminology. For example, g is said to be transitive if the 
anchor is surjective and totally intransitive if it is zero. More generally, g is said to be regular if 
the anchor has constant rank. In this case, the kernel of the anchor, 

g iso = ker a 0 (61) 

is a totally intransitive Lie subalgebroid of g, called its isotropy algebroid, and when it is locally 
trivial (which may not always be the case), it will in fact be a Lie algebra bundle over M. 
Similarly, in this case, the image of the anchor, 

X s (M) = imaj (62) 

is an involutive distribution on M called its characteristic distribution. 

We shall skip the definition of morphism between Lie algebroids (over the same manifold), 
which is the obvious one, as well as the discussion of examples, and just mention that the 
insertion of the Lie algebroid concept into Lie algebra theory is even more direct than in the 
group case, since the space T(g) of sections of a Lie algebroid g is a Lie algebra by definition. 
Moreover, at least in the regular case (which is the only one of interest here), T(g) has a natural 
Lie subalgebra, namely the Lie algebra r(g iso ) of sections of the isotropy algebroid of g, and 
a natural quotient Lie algebra, namely the Lie algebra X s (M) of sections of the characteristic 
distribution on M, which fit together into the following exact sequence of Lie algebras: 

{ 0 } —► r( 0 iso ) —► r(g) —► #>(M) —► { 0 }. (63) 

Next, let us pass to the construction of the Lie algebroid of a Lie groupoid, which once 
again follows closely that of the Lie algebra of a Lie group; the same goes for the exponential. 
Given a Lie groupoid G over a manifold M, we use the unit map 1 G to consider M as an 
embedded submanifold of G and restrict the tangent maps to the source and target projections 
to this submanifold, which provides us with two homomorphisms of vector bundles over M that 
we can put into the following diagram: 



As a vector bundle over M, the corresponding Lie algebroid g is then defined as the restriction 
to M of the vertical bundle with respect to the source projection: 

0 = (V°G)\ m = ker Ta\ M • (65) 

More explicitly, this means that, for any x € M, g z is the tangent space to the source fiber at x: 

Qx = V°G = T X {G X ). ( 66 ) 

The anchor of g is then defined as the restriction of the target projection: 

«£< = (Tt g \m)\ s - (67) 
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To construct the bracket between sections of g, we note that given g in G with cr G (g) = x and 
t g ( g) = y, right translation by g is a diffeomorphism from the source fiber at y to the source 
fiber at x: 


R g : G,, 



( 68 ) 


Thus its derivative at the point h £ G y is a linear isomorphism T^Rg : Tf l (G y ) —> T^ g (G x ). 
and hence given a vector held Z on G that is cr G -vertical, Z £ T^V^G), it makes sense to say 
that Z is right invariant if, for any (h,g) £ G Xjf G , 


T h Rg(Z(h)) = Z(hg). 

Now observe that (a) the space 3L ri (G) of right invariant vector fields on G is a Lie subalgebra of 
the space X(G) of all vector fields on G and (b) restriction to M provides a linear isomorphism 
from 3L ri (G) to the space T(g) of sections of g whose inverse can be described explicitly as follows: 
given X £ T(g), the corresponding right invariant vector held X r £ 3t ri (G) is dehned by 

X r (g) = T TG{g) R g {X(T G (g))) . 

This linear isomorphism is used to transfer the structure of Lie algebra from 3L ril (G) to T(g). 
The same idea is used to construct the exponential, as a map 


exp : T(g) 


Bis(G) 


(69) 


dehned by taking the how F X r of the right invariant vector held X r on G corresponding to X 
at time 1: 

exp(X)(x) = Fx r ( l,l x ) for x€M. 

Then, more generally, 


F X r(t,g) = exp (tX){y)g for t £ M, g £ y G x , 


(70) 


and conversely, 


ex 


p(tX)(x)| t=Q = l x , —exp (tX)(x) = X(x) for x £ M. (71) 


Continuing the analogies between Lie group theory and Lie groupoid theory, there is also 
the concept of an infinitesimal action of a Lie algebroid g on a hber bundle E, both over the 
same base manifold M: this is dehned to be a linear map 

<1> £ : T(g) —> X P (E) 

X ► x E 1 

where X P (E) denotes the Lie algebra of projectable vector helds on which is compatible 
with the structures involved: it is linear over the pertinent function rings, i.e., 

(fX) E = (fon)X E for / £ X £ T(g) , (73) 

7 A vector field Xe on the total space E of a fiber bundle is said to be projectable if for any two points ei, e 2 
in the same fiber, we have T ei -E e{Xe{&i)) = T e2 nE(XE{e 2 )), that is, if there exists a (necessarily unique) vector 
field Xm on the base space M to which it is 7r_B-related: one then says that Xe projects to Xm■ Vertical vector 
fields are those that project to 0. 
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takes the anchor to the projection, i.e., 


X M = a(X) for X G T(g), 


(74) 


and preserves brackets, i.e., is a homomorphism of Lie algebras; we call X E the fundamental 
vector field associated to X. The terminology is justified by noting that if g is the Lie algebroid 
of a Lie groupoid G, then an action of G on E induces an infinitesimal action of g on E defined 
as follows: given X G T(g) and recalling that, for any x G M, 


X ( x ) = 4 exp {tX)(x) 

dt t=o 

we have, for any eGfi with x = 7r E (e) G M, 


(75) 


X E ( e ) 


dt 


exp (tX)(x) ■ e 


t =o 


(76) 


In fact, the above dehnition of infinitesimal action provides nothing more and nothing less than 
a representation of the Lie algebra of sections of the Lie algebroid g by projectable vector fields 
on E which is the formal derivative of the representation Ll^ of the group of bisections of the 
Lie groupoid G by automorphisms of E in equations (|46D and (|47l) . Note that the fundamental 
vector field X E associated to a section X of the isotropy algebroid of g will be vertical and hence 
we get the following commutative diagram, 


{0}-- X V {E) - 3t P (E) - - X e {M) -- {0} 

(77) 

{0}-- r(g iso )-- T(g)-- &(M) -- {0} 


where (E) denotes the Lie algebra of vertical vector fields on E and 3l e (M) denotes the 
algebra of vector fields on M admitting some lift to a projectable vector field on E. 


3.4 The jet algebroid of a Lie algebroid 

As in the case of Lie groupoids, there are various ways of constructing new Lie algebroids from a 
given one. Here, we want to mention just one of them, namely that of the jet algebroid of a Lie 
algebroid. To do so, we use the functor J on fiber bundles and observe that, for any manifold M, 
the jet bundle of a fiber bundle over M carrying some additional structure will in many cases 
inherit that additional structure. In particular, if E is a vector bundle over M, its jet bundle 
JE is again a vector bundle over M : this can be most easily seen by writing points in JE as 
values of jets of sections of E and defining a linear combination of points in JE over the same 
point of M as the value of the jet of the corresponding linear combination of sections of E: this 
is the necessary and sufficient condition for the jet prolongation of sections (from sections of E 
to sections of JE) to be a linear map j : T(E) —> T(JE). 

Proposition 2 Given a Lie algebroid g over a manifold M with anchor a 0 and bracket [., .] fl; 
its jet bundle Jq is again a Lie algebroid over M, with anchor aj g and bracket [. ,.]j g defined so 
that the jet prolongation of sections (from sections o/g to sections of Jg) preserves the anchor 
and the bracket: 

aj 0 (jC) = «g(0 , \j£,jv]jo = i(Mfl) f° r G T(g). 
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We note that this condition of compatibility with the procedure of taking the jet prolongation 
of sections fixes the anchor and the bracket in Jg uniquely. To prove existence, one can employ 
various methods, but the most transparent one of them, at least for physicists, is in terms of 
the corresponding structure functions, using the fact that the anchors and brackets, in g as 
well as in Jg, are differential operators in each argument, and hence local. (More precisely, the 
anchors are differential operators of order 0, since they result from push-forward of sections by 
a vector bundle homomorphism, while the brackets are bidifferential operators of order 1, since 
they satisfy a Leibniz rule, as in equation (1601) . in each factor.) Namely, given local coordinates 
x^ of M and a basis of local sections T a of g, together with the induced basis of local sections 
(T a , Ta) of Jg, we have that if £ is a section of g, locally represented as 

■e = CT a , 

then j£ is a section of Jg locally represented as 

3t = eT a + d^ a TZ. 


Assuming that the anchor and the bracket of g can be written in terms of structure functions 
and fa b , according to 


and 

« fl (r a ) = /a% 

(78) 


[T a ,T b ] 0 = f ab T c 

(79) 

the anchor and the bracket of Jg 

are given by 



aj,(rj = r a d„ 

= 0 

(80) 


and 

[Ta,T b ]j, = r ai T c + 8^1? 

KX b, = &X + SJaT b ( 81 ) 

\xxh, = rx - or 

We leave it to the reader to convince himself that, up to a canonical isomorphism, the functor 
J commutes with the process of passing from a Lie groupoid to its corresponding Lie algebroid, 
that is, if g is the Lie algebroid associated to the Lie groupoid G, then Jg is the Lie algebroid 
associated to the Lie groupoid JG. 


4 Induced actions 

Starting from a given action of a Lie groupoid on a fiber bundle, as we shall in this section show 
how to construct “induced actions” of certain other Lie groupoids, derived from the original 
one, on certain other fiber bundles, derived from the original one: this is an essential technical 
feature needed to make the theory work. Throughout the section, we maintain the notation 
used before: G will be a Lie groupoid over a manifold M, with source projection a G and target 
projection t g . multiplication /r G , unit map 1 ( , and inversion l g , and E will be a fiber bundle 
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over the same manifold M, with projection ir E , endowed with an action & E as in equation (1441) . 
Note that under these circumstances, a groupoid element g £ G with source cr G {g) = x and 
target r G (g) = y will provide a diffeomorphism L g : E x —> E y called left translation by g. 

Our first and most elementary example of such an induced action is that of the original Lie 
groupoid G on the vertical bundle VE of E, 

<W Gx M VE —► VE 
(j9,v e ) '—> g-v e 

defined by requiring left translation by g in VE to be simply the derivative of left translation 
by g in E , i.e., given g £ G with cr G (g) = x and r G (g) = y, e £ E with Tr E (e) = x and a 
vertical vector v e £ V e E, we have 


9-v e = T e L g(v e )- 


(83) 


This means that given a vertical curve 1 H > eft) in E passing through the point e (i.e., e(0) 
we have 


d . . 


t =o 


= Jt 3 ' e{t) 


t =0 


= e), 
(84) 


An important property of the action (1821) is that it respects the structure of VE as a vector 
bundle over E , since (a) it covers the original action, i.e., the diagram 


Gx m VE- 


G xm E 


VE 


E 


(85) 


commutes, and (b) for any g £ G, left translation by g is well defined on the whole vertical 
space V e E provided that 7r E (e) = a G {g) (and otherwise is not well defined at any point in V e E), 
its restriction to this space being a linear transformation L g : V e E —> V g . e E, since it is the 
tangent map at e to left translation L g : E x —> E y . 

Our next example of an induced action is functorial. Namely, applying the jet functor to all 
structural maps of the original action, we obtain an action of the jet groupoid JG of G on the 
jet bundle JE of E , 


( 86 ) 


$je : JG x M JE —> JE 

(■ Ug,U e ) I » Ug-U e 

defined as follows: given g £ G with cr G (g) = x and r G (g) = y, e £ E with n E (e) = x and 
jets u g £ J g G C L(T X M,T G ) and u e £ J e E C L(T x M,T e E), we concatenate both in a linear 
map (■ u g ,u e ) £ L(T X M, T g G © T e E) (which actually takes values in L(T x M,T^ g ^(G Xm E )) 
since T x cr G ou g = id^M = T e 7 T E oU e ) anc ^ compose: 


u g ■ u e 


T (g,e)®E°(u g ,U e )o(TgTo Ug ) 1 


(87) 


Essentially the same procedure also provides an action of the jet groupoid JG of G on the 
linearized jet bundle JE of E, 


< 4 * 


JE 


JG x M JE —* JE 

(■ Ug,U e ) I » Ug-U e 


( 88 ) 
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Unlike the previous one, this admits a simplification because it factorizes through the mor¬ 
phism (152|) of Lie groupoids to yield an action of the Lie groupoid GL(TM ) Xm G on the 
linearized jet bundle JE of E, 

(GL(TM)xmG) x m JE —► JE 

(( a,g),u e ) '—> (a, g) ■ u e 

This action is suggested by the isomorphism 

JE “ 7 t* e (T*M) ®VE (90) 

(see equation ©), together with the fact that the tangent bundle and the cotangent bundle 
of M are endowed with natural actions of the linear frame groupoid GL(TM ) and the vertical 
bundle of E is endowed with the induced action of G as explained above. However, it should 
be noted that all the groupoids involved are groupoids over M while the isomorphism (19011 is 
one of vector bundles over E. Therefore, it is worthwhile specifying that the action (18911 is 
explicitly defined as follows: given (a,g) € GL(TM) G with (Tgl(tm){ a) = x = vc{g) and 
T GL(TM)( a ) = y = Tc{g), e € E with ufAj) = x and u e € J e E = L(T x M,V e E ), we obtain 
(a, g) ■ u e € J g . e E = L(T y M , V g . e E) by composition: 

(a, g)-u e = L g ou e o a -1 (91) 


An important property of the actions (l86ll and ([88]) is that they respect the structure of JE 
as an affine bundle and of JE as a vector bundle over E, since (a) they cover the original action, 
i.e., the diagrams 


JG Xm JE 


G Xm E 


JE 


■ E 


(92) 


and 


JG Xm JE 


G Xm E 


ME 


JE 


■ E 


(93) 


commute, and (b) for any g € G and u g € J g G, left translation by u g is well defined on the 
whole jet space J e E and on the whole linearized jet space J e E provided that 7re(e) = crQ^g) 
(and otherwise is not well defined at point in J e E or J e E ), its restriction to these spaces being 
an affine transformation L Ug : J e E —X J g . e E or a linear transformation L Ug : J e E —> J g . e E. 

The compatibility of the actions (1861) and (1881) with the structure of JE as an affine bundle 
and of JE as a vector bundle over E allows us to transfer these actions of jets to cojets (ordinary 
or twisted), by dualization. Concentrating on the twisted case, which is the more important one 
for the applications we have in mind, we obtain an action 


<Lj® e : 


JG x M J®E —> J®E 



(94) 
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of JG on J®E defined as follows: given g £ G with o G (g) = x and r G (g) = y, e £ E with 
7r E ( e ) = x, u g £ J g G, z e £ JfE and u g . e £ J g . e E, 

{Ug ■ Z e , Ug.e) = (TgTQOUg)- 1 * (.Z £ ,U~ 1 ' U g . e ) . (95) 


In other words, we require the following diagram to commute: 

Lur, 


JeE 


K't*m 


(Tg T Q ou g) 1 


JgeE 


A n T*M 


Similarly, we obtain an action 


$ 


J ®E ■ 


JGx m J®E —> J®E 



(96) 


(97) 


of JG on J®E that factorizes through the composition of the morphism (1521) of Lie groupoids 
to yield an action 

(GL(TM) x M G) x M J®E —> J®E 

(( a,g),z e ) i—t ( a,g)-z e 


(98) 


of GL(TM)xmG on J®E defined as follows: given (a, g) £ GL(TM)xmG with <Jcl(tm) ( a ) = 
x = cr G (g) and r GL(TM) (a) = y = r G (g), e £ E with 7r E (e) = x, z e £ J®E and u g . e £ J g . e E, 


((a, g) ■ z e , Ug. e ) = a 1 *(z e ,(a,g) 1 -u g . e ), 
In other words, we require the following diagram to commute: 


(99) 


JeE- 


Ua,g) 


JgeE 


K 1 t*m 


(■ a,g)-z e 


K 1 t;m 


( 100 ) 


All these actions again satisfy the property of compatibility with the structure of the bundles 
involved as vector bundles over E. 

Passing to our next example, which is once again functorial, let us now apply the tangent 
functor T to all structural maps of the original action to obtain an action of the tangent groupoid 
TG of G on the tangent bundle TE of E, 


TG x tm TE 
(v g ,v e ) 



TE 

Vg ■ V e 


( 101 ) 


where we have used the canonical identification of T(GxmE) with TGxtmTE , under which a 
pair of vectors (v g ,v e ) G T g G®T e E belongs to the subspace T^ 9 ^[GxmE) = ( TGxtmTE)( 9i e) 
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if and only if its two components are related according to T g a G (v g ) = T e n E (v e ), and in this 
case, 


Vg-v e = T M $ E (v g ,v e ). 

Now even though this action still covers the original one, i.e., the diagram 

TG x TM TE --—- TE 

G x m E --- 5 - E 


( 102 ) 


(103) 


commutes, the problem is that it involves a change of base space, from M to TM , and as a result 
it does not respect the structure of TE as a vector bundle over E. Namely, given g £ G with 
a G (g) = x and r G {g) = y, e £ E with 7 r E (e) = x and v g £ T g G with T g a G {v g ) = v x £ T X M 
and T g r G (v g ) = v y £ T y M, left translation by v g is not well defined on the whole tangent space 
T e E , but only on its affine subspace {T eE E )~^ (y x ), and its restriction to this subspace is an affine 
transformation L Vg : (T e Tt E )~ l {v x ) —> (Tg. e ir E )~ 1 (vy). 

This is a serious defect because it prevents the transfer of this action to cotangent vectors 
or, more generally, tensors on E and thus makes it almost useless. 


Fortunately, and that is perhaps the central message of this paper, there is a way out of this 
impasse: it consists in replacing the tangent groupoid TG by the jet groupoid JG. In fact, as 
we will show now, there is a natural induced action of the jet groupoid JG of G on the tangent 
bundle TE of E. 


&te ■ 


JG x M TE 


(u g ,V e ) 


defined as follows: given g £ G and e G E with a G (g) = 


TE 


(104) 


Ug ■ V £ 

7Tg(e), u g € J g G and v e € T e E, 


u g' v e = T (g,e)$E{(u g °T e Tr E )(Ve),V e ). 


(105) 


This prescription is less obvious than the previous ones because it mixes the two functors J and T, 
so it may be worthwhile to check explicitly that it does indeed define an action. To this end, 
we note first that, with g , e, u g and v e as before, 

T g . e ir E (u g ■ v e ) = T (g ^(ir E o® E )((u g oT e Tr E )(v e ),v e ) 

= T( g ,e)(TG°Wi)({u g oT e -K E ){y e ),v e ) (106) 

= T g T G ((u g oT e lT E )(v e )) = (TgT G °Ug)(T e 'K E (v e )) . 


Therefore, given g,h £ G and e € E with a G (g) = n E (e), cr G (h) = T G (g) = ii E (g ■ e) and 
u g £ J g G 1 Uh £ JhG , v e £ T e E, 


U h ' (u g ■ V e ) 


T(h,g-e)$E{(uh°Tg. e TT E )(Ug ■ V e ) , U g ■ V e ) 

T (h,g-e)®E ( (U h o ( T g T G oU g )o T e TT E ) (v e ) , T {g ^ $ E ( (u g o T e n E )(v e ), V e ) 
T (h,g,e)($E°(id G X 4> E )) {(u h o [TgTQoUg) oT e TT E )(v e ) , (u g o T e TV E ) (v e ) , V e ) 
T (h,g,e)($E°(gG X id^)) ((u h o (T g T G oU g ) oT e lT E )(v e ) , (u g o T e TT E ) (v e ) , V e ) 
T (hg,e)$E ( [T {Kg) H G o (u h o (T g T G o%), U g ) o T e TT E ) (v e ) , V e ) 
T(hg,e)$E{(uhUgoT e ir E )(v e ),V e ) 

( U h U g ) • V e ■ 
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Similarly, given g £ G and e £ E with cr G (g) = x = 7 Tg;(e), % £ and n e £ T e E, 

ljG,a: • = Ti g ,x®e((T x 1g °T e TTE)(v e ) , V e ) 

= T e ($E°(lG°‘XE , ids)) (^e) 

= T e id B (n e ) = v e . 

Moroever, it follows from equation (11061) that this action preserves the vertical bundle VE, and 
comparing equation (l83l) or (1M1) with equation (11051) shows that its restriction to VE factorizes 
through the projection from JG to G so as to yield the action (1821) introduced above. 

A fundamental property of the action (I104D is that this one does respect the structure of TE 
as a vector bundle over E, since (a) it covers the original action, i.e., the diagram 


JGx m TE ——-TE 

G x M E ---- E 


(107) 


commutes, and (b) for any g £ G and u g £ J g G, left translation by u g is well defined on the 
whole tangent space T e E provided that 7 rg(e) = cr G (g) (and otherwise is not well defined at any 
point in T e E ), its restriction to this space being a linear transformation L Ug : T e E —> T g . e E, 
because it is the composition of two linear maps: 


L U g = T{g,e)^E ° { u 9°Te^E Mt b e)- 

And finally, we note that equation (11061) states that the action (I104D also covers the natural 
action of GL(TM ) on TM, i.e., the diagram 


JG x m TE 


GL(TM ) x M TM ■ 


TE 


■TM 


(108) 


commutes. 


Another argument showing that the action (11041) is the correct one comes from considering 
bisections of G and the automorphisms of E they generate, according to equation (1461) . Namely, 
we can understand this action as the derivative of the push-forward of curves by automorphisms: 
given a bisection /3 of G and a curve 7 in E, we set e = 7 ( 0 ), x = 7 rg(e) and g = j3{x) to conclude 


that if 


then 


T x /3 and v e = —7 (t) , 

xy dt K t= o’ 

(109) 


( 110 ) 


Actually, repeating the construction at the end of Section 13.11 we can use the action (|104|) to 
obtain a representation of the group Bis( JG) of bisections of JG by automorphisms of TE (not 
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only as a fiber bundle over M but also as a vector bundle over E ), that is, a homomorphism 


II T £ : Bis(JG) 

P 


Aut (TE) 
^te(P) 


( 111 ) 


which covers the homomorphism II ^ defined previously (see equation (1461) 1 in the following 
sense: if (3 is holonomous, say (3 = jf3 , then equations (I109D and (I110D state that II TE (/3) is the 
tangent map to H E (f3): 

n teUP) = t n E (p). (ii2) 

The compatibility of the action (11041) with the structure of TE as a vector bundle over E 
allows us to transfer this action to all of its descendants. Thus, for example, we obtain an action 
of JG on tensors of any degree and type, 


'1*7. 


TE 


JG x M TgE 


{Ug , t e / 


T r s E 

Ug ' t e 


(113) 


and, in particular, on r-forms, 

®/\ r T*E 


JGx m KT*E —> /\ r T*E 

{Ugi ^e) 1 ^ 'Ug * &e 

that can be restricted to an action of JG on partially horizontal r-forms, 

T a:t * e : JG x M As T*E —► As T* E 

(Ug, Oifi) 1 T Ug • Q. e 


(114) 


(115) 


where As T*E denotes the bundle of (r — s)-horizontal r-forms on E □ giving rise to representa¬ 
tions of the group of bisections of JG , namely 


n, 


TT E 


Bis(JG) 

P 


Aut(XJ-E) 

(P) 


n, 


(116) 


TTE 


and, in particular, 


and 


n 


A r T*E 


n 


A r s T*E 


Bis(JG) - 

P 

-> Aut (A r T*E) 

^A r T*E 

(117) 

Bis (JG) - 

P 

-> Aut(A r s T*E) 

^A t s t*e(P^ 

(118) 


As a further consistency check, we note the following: 

Proposition 3 Let E be a fiber bundle over a manifold M, endowed with the action of a 
Lie groupoid G over the same manifold M. Then the canonical strict isomorphism m is 
JG-equivariant. 
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The fact that the induced action of JG on TE passes to all its descendants is the key to 
understanding what is meant by invariance of tensor fields under the action of a Lie groupoid: 
given a fiber bundle E over a manifold M endowed with an action of a Lie groupoid G over 
the same manifold M, invariance of a tensor field on E refers to the induced action of the jet 
groupoid JG on the tangent bundle TE and its descendants. However, in order to give a precise 
definition, some care must be exerted to deal with holonomous vs. non-holonomous bisections. 

Definition 2 Let E be a fiber bundle over a manifold M, endowed with the action of a Lie 
groupoid G over the same manifold M, and let G be a Lie subgroupoid of the jet groupoid JG 
that is also a subbundle of JG as a fiber bundle over G. Given a tensor field t G Tf (E) on E, 
we say that 

(a) t is G-invariant if, for all bisections ft of G, LI E t E {P) -1 = t, 

(b) t is G-invariant if, for all bisections ft of G, Ut^eUP)^ = t, 

where . jj denotes the push-forward of sections by automorphisms; note that this coincides with 
the usual notion . * of push-forward of tensor fields when (3 is holonomous but otherwise provides 
an extension of that concept, since we have n E (/3)* t = Llr r e(j t. 

To explain the subtle difference between these two concepts, note that, in general, the group 
of holonomous bisections of the jet groupoid JG is not the group of bisections of any Lie 
subgroupoid of JG that is also a subbundle of JG as a fiber bundle over G, since the constraint 
that a bisection of JG should take values in such a Lie subgroupoid involves only its values 
at points of the base space while the constraint that it should be holonomous involves its first 
derivatives (which appear through the Frobenius integrability condition). Thus, there is no 
contradiction between the two parts of Definition [2j But to bring out the difference between 
them more clearly, it is useful to reformulate them in different terms: 

(a) Using the hypothesis that G C JG , condition (a) of Definition [2] can be reformulated as a 
pointwise condition: it means that, under the action (11131) . we have 

tg. e - Ug • t e (119) 

for all g G G and e G E such that ac(g) = E E (e) and all u g G G g C J g G. 

(b) According to equation (Hill) , suitably extended from TE to TfE , condition (b) of Definition [2] 
means that t is invariant with respect to push-forward (or pull-back) under the automorphisms 
U E {P) where P is an arbitrary bisection of G, i.e., 

t is G-invariant <(=>• U E (/3)*t = t for all P G Bis(G). (120) 

In particular, putting G = JG, it becomes obvious that JG-invariance is stronger than G- 
invariance: somehow, G-invariance can be viewed as a kind of “holonomous JG-invariance”. 

Let us make these statements even more specific for the case of invariant differential forms. 
First, the action (I114D on r- forms is explicitly determined from the action (|104D on tangent 
vectors as follows: given g G G and e G E with (rejig) = E E (e), u g G JgG, a e G f\ T*E and 
v\,... ,v r G T e E, 

(Ug-a e ){u g -v 1 ,...,u g -v r ) = ol e (v 1 ,..., V f ). (121) 
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Thus a will be G-invariant iff for any g £ G and e £ E such that ucid) = 7r^(e), any 
u g £ G g C J g G and any tangent vectors v\,... ,v r £ T e E, we have 

a g . e (ug-vi,...,Ug-v r ) = a e (vi,...,v r ), (122) 

while it will be G-invariant iff, for any bisection /3 of G, we have n E ((3)*a = a, or more explicitly, 
iff for any bisection /? of G, any x £ M and e £ E such that vr^(e) = x and any tangent 
vectors v\,...,v r £ T e E , we have 

<x/3(xye( T xP -vi,...,T x p -v r ) = a e (vi,...,v r ). (123) 

Note that the second condition is invariant under the action of the exterior derivative: since 
d commutes witbh pull-back of forms, if a is G-invariant, so is da. This is generally not true 
for the first condition: in fact, G-invariance of a will imply G-invariance of da only if G is 
holonomous, in the sense of Definition [I] 

With all these preliminaries out of the way, we are finally ready to show in which sense the 
multisymplectic structure of classical field theory is invariant: 

Theorem 1 Let E be a fiber bundle over a manifold M , endowed with the action of a Lie 
groupoid G over the same manifold M , and consider the induced actions of JG on the extended 
multiphase space J®E and of the second order jet groupoids J 2 G C J 2 G C J(JG) on its tangent 
bundle T(J®E ) and its descendants. Then the multicanonical form 8 and the multisymplectic 
form oj are invariant under the action of the second order jet groupoid J 2 G. 


In fact, for the multicanonical form 8 , we can prove a somewhat stronger statement, namely 
that it is even invariant under the action of the semiholononrous second order jet groupoid J 2 G. 
But since this is not holonomous, that invariance does not carry over to its exterior derivative: 
what remains is invariance under the second order jet groupoid J 2 G, which is the maximal 
holonomous subgroupoid of J 2 G. 

Proof: Initially, we remember that the induced actions of JG on JE and on TE cover the 

original action of G on E (see the diagrams (1921) and (11071) '). and hence the same holds for the 
induced action of JG on the extended multiphase space of equation (12TT) . which for the sake of 
brevity we shall here denote by A. In other words, the diagram 


JG Xm A ■ 

( 7 r JG’ 7r a) 

G xm E ■ 


■A 


■ E 


(124) 


commutes, that is, 


7tao 4>a = $e° (ejg, tta)- 


Therefore, 


given u g £ J g G and a e £ A e with acid) 


n E (e), u' Ug £ J 2 G and w £ T ae A, we 
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have by equation (110511 


’Qt-e 


*a(«u, 


w) 


( T u g -a^A ° T ( Ug ,a e )$A) {( u u g oT a e (^E^ a))H , w) 
{ T (g,e)^E°( T u g ^JG^ a)) {(u' Ug ° T a e ( n E ° * a))H > «>) 

T (9,e) $ i? ( { T u g ^JG ° u' Ug oT ae (n E o 7T A )) (w) , T ae TT A {w )) 
T ( 9 ,e)° ) ( T «e^A (^)) > T «e ^A (^)) 

Ug ■ (T ae TT A (w)). 


Thus, given u/i,..., w n G T Qe A, we get 

@Ug-Oi e * ^1 ’ * * * 5 ^Ug ’ ^ 71 ) 

= K ' a e)( T « a -a B 7r A(«u B -^l) • • ■. T % -o e ’ r A(«V»n)) 

= (u 9 ■ a e )(u 9 ■ (T ae TT A (wi)) ...,Ug ■ ( T ae lT A (w n ))) 

= a e (^ e 7T A (u;i) ... ,T ae 7T A (u; n )) 

= 0 a * (™1 > • • ■ > «>n) , 

proving that 6 is J 2 G-invariant. That a; is J 2 G-invariant then follows from the arguments 
outlined previously. 

The next step is to formulate the concept of invariance of the lagrangian and/or hamiltonian 
under a Lie groupoid action: 


Definition 3 Let E be a fiber bundle over a manifold M, endowed with the action of a Lie 
groupoid G over the same manifold M, and consider the induced actions of JG on the jet bundle 
JE, the extended multiphase space J®E and the ordinary multiphase space J®E. Given a Lie 
subgroupoid G of JG that is also a subbundle of JG as a fiber bundle over G, we say that a 
lagrangian C : JE —> A” T*M and/or a hamiltonian JL : J®E —> J®E is G-invariant if 
it is equivariant with respect to the pertinent actions of JG, when restricted to G, i.e., if the 
diagram 


G x m JE 


GjgIgE) 


GL(TM) x M A n T*M 


JE 

c 


A n T*M 


(125) 


and/or the diagram 


G x m J®E ■ 


(idg/H) 


G x M J®E ■ 


J®E 


■J®E 

H 

■ J®E 


V J®E 


(126) 


commutes. 


It is noteworthy that G-invariance of a lagrangian C : JE —> f\ l T*M implies G-invariance 
of its Legendre transformation F£ : JE — J®E, in the sense that the following diagram 
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commutes: 


GxmJE■ 

(idg.F C) 

G Xm J®E ■ 


-JE 

F C 

J®E 


(127) 


9 J®E 


Indeed, given g £ G with (Jc{g) = x and Tc(jj) = y, e £ E with n E (e) = x, u g £ G g C J g G 
and u e ,u' e £ J e E, we get, according to equations 051) and 051) . 

¥C(u g ■ u e ) • (u g • <) 


d 


= C(Ug ■ U e ) + — C{Ug • U e + t(Ug ■ u' £ ~ Ug ■ U £ )) 


dt 

d 


t =o 


= E{Ug ■ U e ) + — C{lig ■ (u e + t(u' e - U e ))) 


t =0 


= ( T g T G oU 9 ) 1 *^(«e) + ^ ( T 9 T G oU g) x *C{u e + t(v!e ~ U e )) 


t =0 


= ( T 9 T G oU g ) 1 *(^(«e) + ^ £{u e + t(u' e - u e )) 
= (VG°“s) _1 *(F^k) -u'e) 


t =0 


= (u 5 • F£(u e )) • {u g ■ u' e ). 

Therefore, invariance of the lagrangian or hamiltonian ensures invariance of the forms 0£, cj£ 
and 0%, defined by pull-back, 

e c = ( f c)*0 H = ( f eye , u c = {¥C)*u n = ( f efu 

(see equation (j30]) b as follows: 

Theorem 2 Let E be a fiber bundle over a manifold M , endowed with the action of a Lie 
groupoid G over the same manifold M , and consider the induced actions of JG on the jet 
bundle JE, the extended multiphase space J®E and the ordinary multiphase space J®E, as well 
as of the second order jet groupoids J 2 G C J 2 G C J(JG ) on the respective tangent bundles 
and their descendants. Given a Lie subgroupoid G of JG that is also a subbundle of JG as a 
fiber bundle over G, suppose that the lagrangian L : JE —> A" T*M and/or the hamiltonian 
H : J®E —> J®E are G-invariant. Then the forms 8c, w>c and/or 8u, can are invariant under 
J 2 GnJG. 


Proof: This follows directly from Theorem [T] by reformulating the commutativity of the 

diagram in equation (I126D as stating that, for any bisection (5 of G , 

HoIL f9E 0) = U jS>E 0)on 

and hence, for any holonomous bisection /? of G, 


n fe E W)*{n*a) = 'H*(n J@E 0)*a) 


= n*a 


where a stands for 8 or uj. The proof in the lagrangian context is the same, just replacing J®E 
by JE and Tl by FT. 
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5 Noether’s Theorem 


We begin this section introducing the concept of momentum map in the context of Lie groupoid 
actions: it comes in two variants, depending on whether we work in extended or in ordinary 
multiphase space. To prepare the ground, let us mention that, given a Lie algebroid g over M 
together with a Lie subalgebroid g of its jet algebroid Jg, we will define 

r(g,g) = {X e T(g) | jX G T(g)} , (128) 

noting that taking the jet prolongation provides a canonical embedding of this space of sections 
into the space LhoiCg) of holonomous sections of g that we may use as an identification whenever 
convenient. 

Definition 4 Let E be a fiber bundle over a manifold M, endowed with the action of a Lie 
groupoid G over the same manifold M, and consider the induced actions of JG on the extended 
midtiphase space J®E and the ordinary multiphase space J®E, as well as the corresponding 


infinitesimal actions of the Lie algebroids g (by fundamental vector fields on E) and Jg (by 
fundamental vector fields on J®E and J®E). Then the extended momentum map J7’ ext 
associated to each of these actions is the map 


J ext : T(Jg) - 


(129) 

defined by 

J ext (Z) = 

: i z 9 

Z ‘J®E 

(130) 

and the map 

J ext : T(Jg) - 

* n n ~ 1 (f®E) 

(131) 

defined by 

J ex \Z ) = 


(132) 


respectively, and the corresponding momentum map is its composition with the jet prolongation 
map from T(g) to T(Jg), so 

J: r(g) —> 1 (<7®T/) (133) 


with 

J(X) = i Xj@E e (134) 

and 

J: r(g) —-> n n - 1 (f®E ) (135) 

with 

vm = ixj. E 0u (136) 

where Xj® E and Xj %E are the canonical (dualized jet) lifts of X E from E to J®E and J®E, 
which coincide with the fundamental vector fields ( jX)j® E and {jX)j %E , respectively. 

Only the ordinary multiphase space version appears directly in Noether’s theorem: 
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Theorem 3 (Noether’s theorem) Let E be a fiber bundle over a manifold M, endowed 
with the action of a Lie groupoid G over the same manifold M, and consider the induced action 
of JG on the ordinary multiphase space J®E, as well as the corresponding infinitesimal actions 
of the Lie algebroids g (by fundamental vector fields on E) and Jg (by fundamental vector 
fields on J®E). Given a Lie subgroupoid G of JG that is also a subbundle of JG as a fiber 
bundle over G, with corresponding Lie subalgebroid g of Jg, and a G-invariant hamiltonian 
TL : J®E —> J®E, the Noether current associated with a “generator” X £ T(g,g) and a 
section of J®E is the pull-back £ D n_1 (M). Then if satisfies the equations of 

motion, i.e., the DeDonder-Weyl equations, this current is conserved, i.e., a closed form: 

d[4>* J(X)} = 0 . 

Proof: Given X £ T(g,g) and £ T(J®E), we have 

d[fi*J(X)} = d[<f(i Xj9E e H )] = fi*d(i Xf@E 9n) 

= fi*(L XfS)E 9n) + </>*(ixj 9B wn)- 

Claim 1: 

L X fmE 0 H = 0 . 

By hypothesis, X generates a one-parameter subgroup of bisections exp(fX) of G such that the 
prolonged bisections j(exp(fJf)) of JG take values in G, and generates the one-parameter 

subgroup II/ @B (j (exp(tX))) of automorphisms of J®E. But since TL is G-invariant and hence, 
according to Theorem El 6^ is invariant under J 2 G n JG, we can just apply Definition El (a), 
with the substitutions E —> J®E , t 0-n, G —> JG, G J 2 G fl JG and fi —> j 2 (exp(GY)), to 
conclude that 


n j® B 0'( ex P(^))*^ = n /^ T{ j® E) (j 2 (ex.p(tX)) t e n = 0 n 

and hence 

L x t ®Jh = J t n /® E 0'(exp(tX)))* e n | t=o = 

Claim 2: If 0 is a solution of the De Donder - Weyl equations, 
it follows from equation (13111 that 

«/«) = °- 

□ 


dt 


Oh 


= 0. 


t =o 


then since Xp 9E is projectable, 


6 Conclusions and Outlook 

In this paper, we have taken first steps towards a description of symmetries in field theory using 
Lie groupoids and Lie algebroids, instead of the traditional approach that uses Lie groups and 
Lie algebras but requires infinite-dimensional ones as soon as local symmetries are involved. 
Our main motivation for doing so arises from the observation that in relativistic field theories, 
the need to consider local symmetries is almost unavoidable, since here the notion of a global 


32 




symmetry - which, by definition, applies the same transformation at every point of space-time - 
is a mathematical artifact without physical meaning. After all, any physical implementation of 
such a requirement of rigidity would violate the principle of space-time locality, according to 
which no information can be exchanged between space-like separated regions of space-time. (This 
is really the same argument as the one showing that in relativistic mechanics there is no such 
thing as a rigid body.) We argue that the theory of Lie groupoids and Lie algebroids provides the 
adequate mathematical machinery to describe local symmetries in field theory; in particular, this 
applies to gauge theories, whose geometric formulation using principal bundles and connections 
has become standard wisdom during the 1970’s. In this context, it may be amusing to note 
that Ehresmann already invented all the essential mathematical notions (principal bundles, 
connections and Lie groupoids) during the 1950’s, more or less in one stroke, but mathematicians 
have for several decades used only the first two and largely neglected the third, and this lack 
of balance has proliferated into physics|f| So in order to incorporate Lie groupoids and Lie 
algebroids into the picture, we have to catch up on four decades of delay. 

As an example of what can be gained, we may quote the classical difficulties with unravelling 
the true symmetry of typical lagrangians in field theory over curved space-times, provided we 
are interested in including space-time symmetries. In the traditional group-theoretical approach, 
the pertinent symmetry is given by the isometry group of space-time (in special relativity, the 
Poincare group), which may collapse to a trivial group under arbitrarily small perturbations of 
the metric. Much of this instability disappears when we use groupoids: what appears there is the 
orthonormal frame groupoid of space-time, which is quite stable under arbitrary perturbations 
(even large ones), but is generically non-holonomous. Thus the notion of holonomous or non- 
holonomous subgroupoids of jet groupoids, which has no analogue in traditional group theory, 
appears to be an essential tool for understanding this issue. We plan to elaborate further on 
this point in the second part of this series. 
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